
Lecture 1: recap 
Natural, whole and real numbers •
Divisibility and prime numbers •
Propositions •
Logical operations: and, or, not, implication, •
biconditional 
Truth tables •

 
 

Lecture 2: Overview 
Quantifiers •
Proofs: direct proofs •
Counterexamples •

 
Book: Chapter 1, Sections 1.4, 1.5 



There is a red ball in the box.

 
 
 
 
 
 
 
 
 

 
 
 
 
 



All the balls in the box are red.

 
 
 
 
 
 
 
 
 
 
 



There is a red ball in the box.

 
 
 
 
 
 
 
 
 
 
 



There is a red ball in the box.

 
 
 
 
 
 
 
 
 
 
 



There is a red ball in the box and all the balls
in the box have the same color.

 
 
 
 
 
 
 
 
 
 
 



Every ball in the box is red, or every ball in 
the box is yellow.

 
 
 
 
 
 
 
 
 
 
 



For each ball in the box, it is either red or 
yellow.

 
 
 
 
 
 
 
 
 
 
 



All the balls in the box are red.

 
 
 
 
 
 
 
 
 
 
 



All the balls in the box are red.

 
 
 
 
 
 
 
 
 
 
 

The

If a ball is in the box it is red



 
 
 
 
 
 
 
 
 
 
 



The box contains at least one ball, and 
every ball in the box is red.

 
 
 
 
 
 
 
 
 
 
 



 
Quantifiers 
 

for all •
 
 

there exists •
 
Examples: 
 
 
 
 
 
 

A b e box b is red universal

Lan balls in the box are red

I b E box b is red existential

there is a red ball in the box

All students at Dacs or intelligent
Use student at DACS x is intelligent
se is student at DACS x is intelligent

F n at DACS X is intelligent
There is an intelligent student at DACS



 

Negation of quantifier statements 
 
 
 
 
 
 
 
 
 
 

To negate, you flip the quantifiers and negate the body. 
(The truth value also flips.) 

All balls in the box are red
There is a ball that is not red not all balls are red

Ub E box b is red

b E box b is not red

Every country has a nea border
There is a country without pea border

t countries count has pea border
a country 17 country has nea border



 

Higher depth quantifiers 
 
 
 
 
 
 
 
 
The order of the quantifiers matters! 

Every monkey climbs a free

P P F
Ym Ft Can climb t

Q
Negation at least one monkey does not climb a tree

Every toe has a monkey in it

p p g
ft Fm Can climb t

Dt Am Im climb t 88 É P g
All monkeys climb the same tree

I



 
 
 
 
 
 
 
 
 
 
 

Everymonkey climbs a tree

Fm Ft m din b t

Negation at least one monkey does not climb a tree

Fm VE TM climbs t

II a

Note if the quantifiers are the pane the order does not

DX EI Jg EIU is the same as Fy EI Fx EIC
Ux EI Vy EEG is Ty EZ Vx EIC I



 

Examples 
 
 
 
 
 
 
 
 
 

Use EIR Fy EIR x ty y 4

negation Fx EIR Ky EIR x ty 24

Vac EN F y EN F z ENL X t y 22

negation Fx EN Fy EM teen x y 22



 
Proof techniques 

Direct proof •
Counterexample •
Contrapositive •
Contradiction •
Induction •

 
 
 
 

today

Y tomorrow

next week



Direct proofs 
Move forward in logical steps from the assumption(s) to the conclusion. •

To prove “if p then q”, you assume that p is true, and use this assumption to prove •

that q also holds 

To prove that a statement is false, you prove that the negation is true. •

 
Example:  

To prove a “for all” statement, you prove the statement for an arbitrary element. •

To prove a “there exists” statement, you only need to give an example. •

 
 
 
 

 
 

In EAL n z n

Let n EAL

then n I

then non 7 n I since n o

n'yn



 
 
 
 
 
 
 
 
 
 
 

Prove or disprove
Foc G I Fy E 3 y 14

Let X EI
choose y e 3 1 EI

and 3 4 3 53 1 1 E G

Fx EI Vy EI Xty yal
Choose x 1 Then I EI and It

y ytl
x EE Hy EI Xy s y
AXE FYE xy s y
Let x EI Choose y X EE
then Xy x y Zyl



 
Counterexamples 

To disprove a “for all” statement •

 
 
 
 
 
 
 
 

Prove or disprove
Use ENL X 4

I E HI if a
counterexample

Use EIR X z x counterexamples 0.5

0.5 EIR 0.082 0.25 2 0.8



 
 
 
 
 
 
 
 
 
 
 

x Gt Fy EM X Ly
negation FX Etl Hy EN X s y

for you to find out which one is true The inst to

show Otti a valid proof or worked out counter example
receives chocolate

offer valid until



 
Checklist 

Do you understand how quantifiers work? •
Can you negate quantifier statements? •
Do you understand why, if asked to prove something •
for all elements of a set, it is sufficient to start the 
proof by picking an arbitrary element? 
Do you understand why it is sufficient to disprove a •
“for all” statement to find a single counter-example? 
Are you comfortable proving statements of the form “if •
p, then q”, by assuming p that is true, and showing that 

q follows? 


